Intuitive proportional reasoning in number-line estimation:

Converging evidence from multiple tasks
Children's numerical thinking and reasoning change considerably over the course of development. Recent work in cognitive development has mapped out one aspect of these changes in detail: a clear and consistent developmental sequence that appears in children's numerical performance across multiple age groups, tasks, and timescales (e.g. Siegler, Thompson, & Opfer, 2009 ). Roughly speaking, this work has shown that the relation between children's numerical estimates and the to-be-estimated numbers is well described by a logarithmic function for relatively young children, but better described by a linear function for older children (see Siegler, Thompson, & Opfer, 2009 and Slusser, Santiago, & Barth, 2013 
for reviews).
This developmental sequence has been identified largely through data from estimation tasks, such as number-line tasks, that involve translating numerical magnitudes into spatial positions (or vice versa). In a typical number-line estimation task, participants mark the placement of a given value, such as 43, relative to two marked endpoints, such as 0 and 100, on an otherwise unmarked number line. In addition to revealing a clear developmental sequence in estimation patterns, such tasks may reflect children's familiarity with certain number ranges (Ebersbach, Luwel, Frick, Onghena, & Verschaffel, 2008) and their ability to reason about single-versus double-digit numbers (Moeller, Pixner, Kaufman, & Nuerk, 2009 ). Performance patterns may also be predictive of children's understanding of basic arithmetic operations (Booth & Siegler, 2008) .
Number-line estimation has also been thought to reveal how numbers are mentally represented and how these representations change over development (e.g. Siegler & Opfer, 2003; Siegler, Thompson, & Opfer, 2009) . In fact, the change in children's estimation patterns has commonly been taken to indicate a shift from the use of logarithmic to linear mental representations of number. According to this theoretical framework, children can access multiple types of coexisting mental number representations. A child may produce more logarithmic estimates for a less familiar numerical range and more linear estimates for a more familiar range (Siegler & Opfer, 2003) , a finding that has been interpreted to mean that children draw upon linear representations of number when dealing with more familiar numerical ranges, and upon logarithmic representations for less familiar ranges. With time and experience, children come to rely more consistently on a linear representation of number, which supports more accurate estimation (e.g. Siegler & Opfer, 2003; Siegler, Thompson, & Opfer, 2009 ).
This view of the development of numerical representation has been influential across disciplines, with demonstrated links to formal education and mathematics learning. For example, children characterized as linear estimators do better on standardized math tests and other measures of mathematical ability (Ashcraft & Moore, 2012; Booth & Siegler, 2006) and children with mathematical learning disability (MLD) produce linear estimates later than comparison groups (Geary, Hoard, Nugent, & Byrd-Craven, 2008 ) -behaviors that have been attributed to differences in children's numerical magnitude representations. These findings have lead researchers to develop effective interventions to improve formal math performance (e.g. Siegler & Ramani, 2008) . Thus, this work is relevant both to theories of mathematical cognition and development and to education research and practice.
Converging evidence from multiple research groups has recently shown that a different theoretical explanation offers a better explanation of performance on cognitive tasks, including number-line estimation tasks, that are commonly used to assess learning and development in numerical thinking Cohen & Blanc-Goldhammer, 2011; Cohen & Sarnecka, 2014; Rouder & Geary, 2014; Slusser et al., 2013; Sullivan, Juhasz, Slattery, & Barth, 2011 ; see also Hurst, Monahan, Heller, & Cordes, 2014) . These findings have fostered an ongoing debate, calling into question the hypothesis that a shift from logarithmic to linear mental representations of number underlies developmental change in numerical estimation and, in turn, the observed improvements in formal math (see Barth, Slusser, Cohen, & Paladino, 2011; Opfer, Siegler, & Young, 2011) .
The alternative theory is based on a psychophysical model of proportion estimation that was developed for tasks involving judgments of perceptual magnitude (Hollands & Dyre, 2000; Spence, 1990) . A model of proportion estimation is similarly applicable in this context given that typical 0 to N number-line estimation tasks ask participants to 1) retrieve the mental magnitudes represented by the given numeral and the marked upper endpoint, 2) estimate the proportion of the two magnitudes, and then 3) produce a corresponding spatial proportion by marking the number line in the appropriate position. Thus, the task requires the estimation of a smaller magnitude (the value presented) relative to a larger one (the value given at the upper endpoint of the line), eliciting an estimate of a numerical proportion rather than an isolated numerical magnitude. Recent research has shown that the proportion estimation model is an excellent predictor of typical numerical estimation patterns and even explains systematic patterns of bias in estimation data that cannot be accounted for by the log-to-linear shift hypothesis (see Slusser et al., 2013 for a detailed discussion).
Proportion estimation models are derived from Stevens' Law, which describes the relationship between the estimated or perceived magnitude of a stimulus and its actual magnitude as a power function y = αx β . The exponent β theoretically quantifies the bias associated with estimating a particular type of stimulus magnitude, such as brightness, area, or length (see showed that estimates of proportions (estimation of a part relative to a whole, or of a part relative to another part) should take the form of S-shaped or inverse S-shaped curves, depending on the particular value of β in question. When this model is applied to a typical 0-1000 number line task, This model was later generalized to account for cases in which the observer makes use of additional reference points (for example, estimating the proportion of a cylinder that is partially filled with liquid by judging the liquid's level relative to a halfway point, rather than relative to the entire height of the cylinder; Hollands & Dyre, 2000) . This work showed that the use of such reference points 1) produces a pattern of estimates with multiple S-shaped or inverse S-shaped curves or "cycles" (hence the term "cyclical power model" of proportion estimation; see Rouder & Geary, 2014; Slusser et al., 2013) , as they are in the estimates of proportions using various perceptual continua in adults (Hollands & Dyre, 2000) .
Quantitative models of proportion estimation can account for many of the behavioral phenomena that have been interpreted as evidence for a representational shift in children's numerical thinking. For example, a cross-sectional study by Slusser et al. (2013) found that models associated with the proportional reasoning framework accounted for developmental differences in estimation performance in 5-through 10-year-olds, and that they outperformed models associated with the logto-linear shift view at both the group and individual levels (see also . In contrast to a theory of representational change, the proportional reasoning framework (Slusser et al., 2013) delineates two main sources of change that account for the variability observed across development. First, values of the β parameter typically increase with age, with values near one corresponding to highly accurate estimation patterns (see Figure 1) . β values far less than one correspond to highly biased estimation patterns (which arise when, for example, children tend to overestimate smaller numbers and underestimate larger numbers on a typical number-line estimation task). Conversely, β values greater than one (generally observed in older children or adults) correspond to estimates that follow an inverse pattern (see Figure 1) , with underestimation of smaller numbers and overestimation of larger numbers on a typical number-line task (Cohen & BlancGoldhammer, 2011; Slusser et al., 2013) . A second source of variability stems from changes in children's use of reference points. Specifically, older children are more likely to use an inferred midpoint in addition to the two endpoints as reference points, resulting in performance patterns resembling a two-cycle model (Figure 1, right panel) . Younger children, on the other hand, are less likely to use an inferred midpoint and tend to rely only on the two endpoints, resulting in estimates resembling a one-cycle model (Figure 1, left panel) . Some of the youngest children produce estimates consistent with an "unbounded" model (i.e., the standard power model) as they seem not to use an upper reference point at all 1 .
Recent longitudinal work examining number-line estimation and its variability in a large sample of children has provided further support for the idea that proportional reasoning underlies children's performance (Rouder & Geary, 2014) . The proportional reasoning framework also explains performance differences across more-vs. less-familiar numerical ranges (Slusser et al., 2013 ) and the effects of feedback on children's estimates (Barth, Slusser, Kanjlia, Garcia, Taggart, & Chase, 2015; cf. Opfer & Siegler, 2007) . Finally, adults' numerical estimation performance, though extremely accurate, also shows reliable patterns of bias consistent with the predictions of these proportional models (Cohen & Blanc-Goldhammer, 2011; Sullivan et al., 2011) .
One behavioral phenomenon that remains debated, however, is the pattern of performance on the inverse version of the typical number-line estimation task. Most of the hundreds of published number-line estimation studies make use of a "number to position" or NP task, in which participants are given a target number and must place a corresponding mark on a number line. Very few studies have used a "position to number" or PN task, in which participants are given a number line with a marked position and must produce a corresponding number (cf. Ashcraft & Moore, 2012; Iuculano & Butterworth, 2011; Siegler & Opfer, 2003) . As with the NP task, older children (such as second graders on a 0-100 line) tend to produce PN estimates that are fit better by a linear model. It has been argued that these findings provide further support for the representational shift hypothesis (Siegler & Opfer, 2003) .
The representational shift account, however, is not unique in its predictions of related performance patterns on NP tasks and their inverse, PN tasks. Earlier work on perceptual proportion estimation has shown that tasks requiring translation between different types of proportions also yield patterns of performance related to their inverse tasks. For example, when adults were shown two spheres and asked to provide a percentage to describe the volume of one sphere relative to the total volume of both, they overestimated smaller proportions and underestimated larger ones, resulting in estimation patterns well described by the proportional models discussed earlier. When performing an inverse task -adjusting one sphere so that its volume, relative to the total volume of both, would correspond to a given percentageparticipants underestimated smaller proportions and overestimated larger ones, with adjustments well described by inverse versions of the models (Hollands, Tanaka, and Dyre, 2002) . Thus, the proportion estimation framework is at least qualitatively consistent with previous PN data: it predicts that over-and underestimation patterns seen previously for the standard NP number-line task (e.g. Slusser et al., 2013) will generally be inverted for the PN task 2 One previous study has applied proportion models to PN data (Ashcraft & Moore, 2012) . Though results were consistent with the proportion models' predictions, they were interpreted as supporting the logarithmic-to-linear shift hypothesis due, in part, to the use of inappropriate model comparison methods. We return to this in the Discussion.
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One-Cycle Two-Cycle producing a standard unbounded pattern on the typical NP task; these children should produce roughly the inverse pattern on the PN task (y = αx (1/β) ). Simply put, estimation patterns on the inverse PN task are essentially reflecting the standard number-line (NP) predictions across the y=x line, such that where there is overestimation for the NP task, there should generally be underestimation for the PN task, or vice versa ( Figure 2 ). However, because reference point choice is strategic, different tasks may lead to different uses of reference points (Hollands & Dyre, 2000; Hollands et al., 2002 ).
Here we ask whether the specific predications made by the proportional reasoning account can quantitatively account for children's and adults' performance on the PN task, as it does on the NP task. To get a sense of how performance improves over development, this study applies models of proportional reasoning to the NP and PN estimates of children and adults.
Younger children (6 -7 years old) were presented with a 0-100 number line, older children (8-10 years old) were presented with a 0-1000 number line, and adults were presented with a 0-100000 number line. We hypothesized that performance patterns would be consistent with the predictions of the proportional reasoning framework: that the PN and NP tasks would produce roughly inverse patterns of performance, the inverse and standard versions of the proportional models would provide a strong description of the data, and variability across development would be well accounted for by the two main sources of change predicted by the proportional reasoning framework. Findings will have implications for the way that we assess and interpret children's performance on these tasks and may be influential in the development of new methods to support and facilitate children's numerical and mathematical learning.
Methods
Participants
Children. Seventy-nine 6-to 10-year-old children participated in the study. Seven children failed to complete both tasks and were excluded from the analyses presented here. One additional child was excluded because of developmental delays (by parental report). This left a total of 71 children (31 female and 40 male, mean age 8;6). Most children were recruited through a database of families residing in the XX area. No questions were asked about socioeconomic status, race, or ethnicity, but children were presumably representative of the community from which they were drawn. In this community, 84% of adults have a high-school diploma and 30% have a bachelor's degree. Most residents identify as white (80%), black (12%) or Asian (3%) (U.S. Census Bureau, 2000) .
Adults. Twenty-seven adults also completed the study (14 females, 11 males, 2 no report; mean age 21 years). All adult participants were college students recruited through the XX University introductory psychology subject pool in exchange for course credit. No questions were asked about socio-economic status, race, or ethnicity.
Stimuli
Participants were presented with a series of pages (approximately 28 x 11 cm), each with a 23 cm line printed in the center of the page. The left end of the line was marked with 0 and the right end of the line was marked with 100, 1000, or 100000 (depending on the age group, see below). Each participant completed the position to number (PN) and the number to position (NP)
tasks. For the PN task, the target position on each line was indicated by a 1.3 cm vertical hash mark. For the NP task, the target number was printed 2.5 cm above the center of the number line (for similar stimuli and design see Booth & Siegler, 2006; Opfer & Siegler, 2007; Siegler & Opfer, 2003; Slusser, Santiago, & Barth, 2013; Thompson & Opfer, 2010) .
Design
Participants always completed the PN task first. The number range varied according to the participants' age. Six-and seven-year-olds were tested with number lines bounded by 0 and 100; eight-, nine-, and ten-year-olds were tested with 0-1000 number lines; and adults were tested with 0-100000 number lines 
Procedure
Most participants were tested in a quiet laboratory room. Some children were tested at local venues such as a nearby children's museum. Following the procedures outlined in Siegler and Opfer (2003) , participants were first presented with a blank number line, marked only with the endpoint values (e.g., 0 and 100 for a 6-or 7-year-old). The experimenter then explained "This is a number line. It has a 0 at this end, and 100 at this end. All of the other numbers in between go along this line," and asked, "If 0 is at this end and 100 is at this end, where does 50 go?" If the participant did not point to the middle of the line, the experimenter explained, "50 is half of 100, so it goes right in the middle of 0 and 100." 4 3 Six-year-olds also completed this task with a 0-20 number range; seven-year-olds completed a 0-1000 task; eight-, nine-, and ten-year-olds completed a 0-100000 task; and adults completed a 0-1000 task (see Slusser, MacDonald, & Slusser, Santiago, & Barth, 2013 for reports of these data). The smaller number range was always completed first. When switching to the larger number range, the experimenter said, for example, "Now we're going to play the game with different numbers. 0 still goes at this end, but now 100 is at the other end."
The experimenter then introduced the PN task by saying, "Now, I'm going to show you a number line with a mark on it, and you tell me what number you think goes there." For each subsequent test trial, the experimenter repeated the prompt, "What number goes here?" if needed.
Immediately following the PN task the experimenter introduced the NP task by saying, "Now I am going to ask you where a number goes on the line, and you are going to make a mark where you think it belongs." For each subsequent test trial, the experimenter repeated the prompt, "Where does (e.g.) twenty-nine go?" if needed. The numbers for each NP trial were printed on the page (see above) and said aloud by the experimenter.
Results
Analyses
Data from participants who marked over 90% of their responses within a single region comprising 10% of the number line (n=2) or produced responses that were uncorrelated with the presented numbers on either task (n=1) were excluded from the following analyses. This resulted in 96 participants: 15 6-year-olds (mean age 6;6), 13 7-year-olds (mean age 7;5), 13 8-year-olds (mean age 8;4), 14 9-year-olds (mean age 9;7), 14 10-year-olds (mean age 10;7), and 26 adults (mean age 20;11).
Patterns of estimation bias were evaluated by fitting the models of interest to each participant's estimates as well as to group median estimates. Estimates on the PN task were fit with the inverse unbounded model as well as the inverse one-and two-cycle versions of the proportional power model (Hollands et al., 2002) . Estimates on the NP tasks were fit with the standard unbounded model as well as the standard one-and two-cycle versions of the while the representational shift hypothesis predicts that children may be more likely to produce linear, rather than logarithmically, spaced estimates (Opfer & Siegler, 2007) . While the analysis below does not explicitly address these hypotheses, interested readers are encouraged to review the papers and articles cited above for a more detailed examination of the role of corrective feedback in children's number line estimates.
proportional power model (see Slusser et al., 2013) . While not the primary focus of the study, we also evaluated exponential (for the PN task), logarithmic (for the NP task), and linear fits. Note that none of these models provided the best explanation of group median data (see Six-and 7-Year-Olds (0-100 Number Range) Position-to-Number task.
Group analyses. On this task, median estimates for each age group were best characterized by the inverse one-cycle model (R 2 =.968 for 6-year-olds and R 2 =.991 for 7-yearolds) (Figure 3 ). The value of the β parameter for the 6-year-olds' median estimates was lower (β=.634) than that of the 7-year-olds' (β=.862), indicating more bias in the younger children's estimates.
Individual analyses. Consistent with the analysis of group medians, most individual children produced estimates best characterized by the inverse one-cycle model (Table 1) . Only a few children produced estimates best characterized by an inverse unbounded model or an inverse two-cycle model. These findings indicate that the majority of children formed their estimates relative to both labeled endpoints, but not an inferred midpoint.
Number-to-Position task.
Group analyses. Six-year-olds' performance on the NP task was best characterized by the standard one-cycle version of the proportional power model (R 2 =.929) while 7-year-olds' performance was best characterized by the standard two-cycle version (R 2 =.983) (Figure 3 ). This suggests that 6-year-olds used both endpoints, while 7-year-olds additionally used an inferred midpoint on this task. Furthermore, the value of the β parameter corresponding to the 6-year-olds' estimates was slightly lower (β=.580) than that of the 7-year-olds (β=.646), showing again that 6-year-olds' estimates were more biased than those of 7-year-olds.
Individual analyses.
Despite the rather clear patterns generated by the median estimates of both age groups, estimation patterns of individual 6-and 7-year-olds varied (Table 1) . For example, 6-year-olds' group median data were best explained by a standard one-cycle model, but the preferred models for individuals were equally distributed across all three standard models (i.e., unbounded, one-cycle, and two-cycle models). Similarly, 7-year-olds' median data were best explained by a standard two-cycle model, but roughly half of the individual 7-year-olds produced a standard one-cycle pattern and half produced a standard two-cycle pattern. In general, however, individual analyses suggest that most 6-year-olds and all 7-year-olds were able to use at least two reference points (the given endpoints) effectively on the NP task, and some in each age group were also able to use an inferred middle reference point as well. 
Comparison across tasks.
On both the group and individual levels, NP estimates for 6-and 7-year-olds were best characterized by the standard versions of the proportional power models while PN estimates followed the inverse pattern. On the NP task, , estimates of the younger children (6-year-olds) followed a standard one-cycle pattern while older children (7-year-olds) seemed to produce a standard two-cycle pattern. On the PN task, however, both the 6-and 7-year-olds groups consistently followed a one-cycle pattern. This suggests that children were not necessarily implementing the same strategic choice of reference points across tasks (see also Hollands et al., 2002 ).
Nevertheless, children showed fairly consistent β-parameter values across tasks (Spearman rank correlation, r s =.559, p=.002), meaning they showed a similar degree of bias on each task. For most children, these β-values were less than one on both tasks. Interestingly however, the estimates of a few individual children resulted in β-values over one on both tasks (Table 1) , in effect reversing the commonly observed trend of overestimation of smaller values on the NP task and underestimation of larger values (this trend will be discussed further in the Discussion). (Figure 4) . However, the β-value corresponding to the 8-year-olds' estimates less than one (β=.663), while the β-values corresponding to the 9-and 10-year-olds' estimates are slightly greater than one (β=1.131 for 9-year-olds and β=1.254 for 10-year-olds).This rather unexpected result (also noted earlier in several individuals from the 6-and 7-year-old group) means that 9-and 10-year-olds, on average, are producing estimates that follow an over then under pattern, rather than the inverse under then over pattern associated with the PN task in the younger children (also see Siegler & Opfer, 2003 ; but see Ashcraft & Moore, 2012) .
Individual analyses. The inverse one-cycle pattern best characterized individual
children's estimates as well, with a majority of children in each age group producing a one-cycle pattern (Table 1) . Many of these children yielded β-values greater than one; meaning their estimates, like the group-median estimates for 9-and 10-year-olds, followed an over-then-under pattern. Most of the remaining children showed two-cycle patterns, with roughly half producing estimates with corresponding β-values greater than one. Few children produced estimates best modeled by an inverse unbounded model.
Number-to-Position task.
Group analyses. On this task, group median estimates for the 8-and 9-year-old groups followed a standard two-cycle pattern (R 2 =.976; β=.470 and R 2 =.991; β=.722, respectively).
Ten-year-olds, on the other hand, showed a standard one-cycle pattern (R 2 =.983) with a β-value greater than one (β=1.274). See Figure 4 .
Individual analyses.
While the standard two-cycle model best characterized 8-and 9-year-olds' median estimates, on the individual level just over half of these children produced estimates best characterized by a standard two-cycle model; most others produced estimates best characterized by a standard one-cycle model (Table 1 ). The median estimates of the 10-year-old group were best characterized by a standard one-cycle model; individual 10-year-olds' estimates followed either the standard two-cycle or one-cycle pattern.
Interestingly, of the children whose estimates were best described by the one-cycle model, over half yielded β-values greater than one, meaning their estimates followed an under-then-over pattern on the NP task and an over-then-under pattern on the PN task. In contrast, β-values corresponding to estimates best described by a two-cycle model were always less than one.
Comparison across tasks.
On both tasks, we see an interesting distinction between the younger and older age groups: Younger (8-year-old) children tend to produce β-values less than one on both the NP and PN tasks (reversing a pattern of over-then-under on the NP task to a pattern of under-then-over on the PN task) while older (10-year-old) children tend to produce β-values greater than one on both tasks (reversing a pattern of under-then-over on the NP task to a pattern of over-then-under on the PN task). Thus, we do see the predicted pattern of reversal (from the NP to PN task) but in different directions depending on age.
Interestingly, however, younger children's estimates on the NP task followed a two-cycle pattern while older children's estimates followed a one-cycle pattern. Children's estimates on the PN task, on the other hand, tended to follow a one-cycle pattern regardless of age. At the individual level, children seemed as likely to produce a one-cycle pattern as they were to produce a two-cycle pattern. Nevertheless, these 8-to 10-year-old children (like the 6-and 7-year olds)
showed relatively consistent β-values across tasks, r s =.515, p=.001. Furthermore, most produced estimates generating the same number of cycles across tasks (following either a one-or twocycle model for both tasks) with β-values that were either consistently greater than or less than one (that is, PN patterns of performance tended to be the inverse of NP patterns). Group analyses. Group median estimates were best characterized by an inverse one-cycle model (R²=.993) with a β-value greater than one (β=1.137) ( Figure 5 ). Thus, like the 9-and 10-year-olds', adults' PN estimates conformed to an over-then-under pattern.
Individual analyses. The inverse one-cycle pattern best characterized a majority of the individual estimates as well (Table 1) . Interestingly, a large majority of these adults produced estimates with a corresponding β-value greater than one; similar to results reported for 9-and 10-year-olds above. A few adults produced estimates that followed an inverse two-cycle pattern, all of which yielded a β-value greater than one.
Number-to-Position task.
Group analyses. Group median estimates on the NP task followed a standard one-cycle pattern (R²=.998) with a β-value greater than one (β=1.096) ( Figure 5 ).
Individual analyses. When considered individually, adults' estimates followed either a standard one-or two-cycle model. Most of the one-cycle adults produced estimates with corresponding β-values greater than one. In contrast, none of the two-cycle adults produced estimates with corresponding β-values greater than one.
Comparison across tasks.
As with the 9-and 10-year-olds above, we see the predicted pattern of reversal from the NP to PN tasks but with β-values greater than one. While most adults produced estimates conforming to a one-cycle pattern on the PN task, individual estimates tended to follow a twocycle pattern on the NP task. Nevertheless, many adults produced estimates that resulted in the same number of cycles across tasks. On both tasks, β-values corresponding to estimates that followed a one-cycle model were generally greater than one. 
Discussion
This study builds on previous work showing that the psychophysical models of the proportional reasoning framework provide a clear explanation of numerical estimation performance in children and adults. We tested children and adults on a typical number-line estimation task (a number to position or NP task) and its inverse (a position to number or PN task). Children and adults completed PN and NP tasks: 6-and 7-year-olds completed a 0-100 version, 8-to 10-year-olds completed a 0-1000 version, and adults completed a 0-100000 version.
We quantitatively assessed the explanatory power of the models comprising the proportional reasoning account (as well as the models comprising the logarithmic-to-linear representational shift view, see Appendices A and B) for group median estimates. We also evaluated explanations of performance at the individual level. All of the group medians and most of the individuals' results conformed to the predictions of the proportional reasoning view regarding the NP and inverse PN tasks: patterns of under-or overestimation seen on one task were generally reversed for the other task. Furthermore, the proportional models provided a better explanation of performance than the logarithmic, exponential, and linear models at the group and individual levels -findings which do not depend upon the use of a particular model selection technique (see Appendices A and B).
Importantly, patterns of developmental change on the PN task are broadly consistent with those found in previous work on the NP task, and can be explained by the developmental progression described by Slusser et al. (2013; see also Barth & Paladino, 2011; Rouder & Geary, 2014) . As with the NP task (Slusser et al, 2013) , older children are more likely than younger children to produce two-cycle estimates than one-cycle estimation patterns on the PN task; however, more one-cycle patterns (corresponding to estimation strategies that do not involve an inferred central reference point) are seen in the PN task. Older children are also more likely than younger children to produce higher β-values (corresponding to less bias) for the PN task, as they are for the NP task (Slusser et al., 2013) . However, the data reported here suggest that older children and adults do not ultimately converge on β-values around one (corresponding to little or no bias). Instead, values of the exponent β begin to exceed one (corresponding to a "flip" in the direction of estimation bias compared to younger children) at around age nine.
While this result (i.e., the flip in the direction of bias in the older children and adults compared to the younger children, Figures 3, 4 , 5) remains unexplained, it is consistent with previous studies of adults (Cohen & Blanc-Goldhammer, 2011 ) and children (Ashcraft & Moore, 2012) . Indeed, Ashcraft & Moore (2012) found the same puzzling reversal in bias patterns in their fifth graders and college students compared to younger children. It is possible that the specific distribution of values to be estimated could have led to this pattern -in fact, a related study (Barth, Lesser, Taggart, & Slusser, 2015) shows that children's estimates are strongly affected by slight changes in the values of the presented numerals (cf., Opfer, Thompson, & Kim, 2016) . However, it does not appear that the selection of specific numerals produced the patterns of bias observed here for three reasons. First, the flip appears in individual and group median data for both the NP tasks (in which numerals were presented) and the PN tasks (in which no numerals were presented). Second, the flip has been observed by other research groups who selected an entirely different set of numerals. Third, the effects on estimates observed in the related study were not sufficient to explain the patterns we see in the present data. We also note that the direction of bias in numerical estimation does not change over development in a related task (unbounded number-line estimation; see Cohen & Sarnecka, 2014) which suggests that this is a pattern of development specifically related to mapping number to a bounded space (as in the typical bounded number-line task). Nevertheless, a task for upcoming work will be to determine the reason for this developmental change and identify specific characteristics that may account for differences across individuals.
As mentioned previously, Ashcraft & Moore (2012) values on the proportional models were not. This result shouldn't be interpreted as providing less support for the proportional framework for at least two reasons. First, it may be difficult to draw conclusions from these analyses because only the one-and two-cycle versions of the proportional model were tested. These models only provide good fits for children who are already able to effectively use both of the endpoints in the number-line task (see Slusser et al., 2013) , and it is likely that some children were not yet this proficient. As a result, children whose estimates may have been better fit by an unbounded power model were likely categorized with children whose estimates were appropriately fit by the one-cycle model; it is possible that this grouping obscured potential links to math achievement. Second, and perhaps more importantly, the proportional reasoning account does not predict that R Nevertheless, an advantage of the Ashcraft & Moore (2012) position to number (PN) study was the inclusion of latency measures. Both error and latency measures supported the conclusion that children's strategic uses of the endpoints and midpoints of the line developed over time, such that they eventually made use of both endpoints of the line plus a midpoint, consistent with the developmental sequence described in the present work and by Slusser et al. (2013) . Future studies may wish to adopt similar measures as well as explore methods to identify and evaluate individual differences that may influence a child's choice or ability to consider endpoint and midpoint values when making estimates.
In sum, the present results support the idea that the theoretical framework of proportional reasoning can quantitatively account for children's and adults' performance on this complementary (PN) task, as it does on the standard number-line (NP) task. While assessments relying only on logarithmic or linear functions tend to obscure important nuances detected in both the NP and PN tasks, models of proportion reasoning confirm that typical (PN or NP) number line estimation tasks elicit estimates of numerical proportion. Accordingly, performance should not be interpreted as an indication of how children (and adults) reason about isolated numerical magnitude. In fact, these results fundamentally question the use of number line tasks as an evaluation of mental representations of number and magnitude in generally.
While these findings then challenge the hypothesis that children's access the appropriate mental representation of numerical magnitude underlies developmental change mathematical ability (e.g., Booth & Siegler, 2006) , it is clear that the use of multiple reference points is integral to children's improvement on these number line tasks (see also Peeters, Degrande, Ebersbach, Verschaffel, & Luwel, 2016 Note: Values for each of the free parameters are reported above. Slope (Sl) and y-intercept (Y0) values are reported for models consistent with the representational shift account (i.e., the exponential and linear models). β-values are reported for models consistent with the proportional reasoning framework (i.e., the inverse versions of the unbounded, one-cycle, and two-cycle models). R 2 values are reported as a standard measure of goodness-of-fit. Δ AICc refers to the difference in Akaike's Information Criterion (AICs) values compared to the model preferred by this metric. Mean squared error (MSE) is reported as the crossvalidation error index for the Leave-One-Out Cross Validation (LOOCV) analysis.
* Indicates the preferred model as determined by each measure of model fit (i.e., the model yielding the highest R 2 value, the lowest AICc value, or the lowest LOOCV error index). 
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